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ABSTRACT 
Let W,(A) denote the k-numerical range of an n X n matrix A. It is known that 
Wi(A)cWi(A) for 1~ j<i<n. In this paper we derive more general inclusion 
relations of the form ZyA, W, (A) c Zlh W,(A), where &,, h are real coefficients. 
In this note we are concerned with inclusion relations among the various 
generalized numerical ranges, W,(A), 1 < k < n, of an n x n complex matrix 
A. 
We recall the definition given by Halmos [l, Sec. 1671 which after a 
convenient normalization becomes 
W, (A) = ( i tr( PA) : P = projection of rank k ) , k=lZ , ,..., 72. 
In particular we have that W,(A) is the classical numerical range 
W(A)={(Ax,x):Ixl=l}. 
It was shown by C. A. Berger [l, Sec. 1671 that the sets W,(A) are convex. 
For our purposes it is convenient to use the following representation of 
W,(A) given by Fillmore and Williams [2, Theorem 1.21: 
Wk(A)=[ itr(XA):O<X<Z,trX=k). (I) 
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We shall also use other results which are given in Theorems 1.1 and 1.5 
of [2], namely: 
nW, (A) = {trA}. (2) 
(n- k) W,_, (A) = nW,, (A) - kW, (A). (3) 
W, (A) contains all k-averages $ (Xi, + . + * + A&), 
where1~i,<i,g...<ik6nandX,,h,,...,X, 
are the eigenvalues of A. 
(4) 
If A is normal, then W, (A) is the convex hull of the averages in (4). (5) 
W,+, (A) c K(A), k=l2 > ,.**1 n- 1. (6) 
We wish to extend the inclusion relations of the type (6) to more general 
relations of the form 
xxiWi(A)CT /+wi(A), (7) 
i 
where the Ai and pi are real coefficients, and the summation is the usual 
pointwise addition of sets in the complex plane. Evidently linear combina- 
tions of convex sets, as in (7), are also convex. Our aim is to obtain inclusion 
relations which hold for all matrices A EC, Xn, Here C,,, denotes the space 
of all complex n-square matrices. 
We start by noting that simple relations of the form 
PW, (A) C Wi (A), i<j ( /3 = constant) (6) 
are impossible. As a counter-example one could use any matrix A such that 
0 B Wj(A) and W,(A) is properly included in Wi(A). For instance consider 
the n x n matrix 
A = diag(O, 1,. . . , 1). 
For this matrix we have 
i=l ,...,n-1; W,(A)=(F). 
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So indeed 04 W,(A), and Wi(A) + c W,(A) for i < j, Hence there is no /3 
which satisfies (8). 
We continue with the following lemma. 
LEMMA 1. Let j, 1 Q j < n, be fixed, and let cq > 0 be given constants. If 
and 
2 i(uii= i, 
i=l 
Pb) 
then 
5 iaii W, (A) c iWj (A). (10) 
i=l 
Proof. According to (1) it suffices to consider the sets of matrices 
Xk={X:O<X\<Z,trX=k}, k=l,..., 72, 
and prove that under the hypotheses (9) we have 
n 
2 aiixi c xj. (11) 
i=l 
It then follows that for each point wi E Wi (A) we have Xi EX, such that 
= tr(XjA) E iWi (A), 
so (10) follows. 
To complete the proof note that (11) is an immediate consequence of the 
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fact that by (9a) 
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0 Q i LYiixi < i: aii I < 1, 
i=l ( 1 i=l 
and by (9b) 
tr 
i 1 
2 aiiXi = $j qtr(X,)= i icUii= i. 
i=l i=l i=l 
Using Lemma 1 we prove the next result. 
THEOREM 1. Letj,l< j<n,and&>O, i=1,2 ,..., nbegiven. Then 
igl PiiW(A)Cy(A) ‘AECnxn (12) 
if and only if 
and 
c n p,,L i ’ ” 
i=l 1 
Proof. Set qyii = i&,/i. Then by the conditions (13) 
so the conditions (9) of Lemma 1 are satisfied, and by (10) we have 
(134 
Wb) 
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To see that the condition (13a) is necessary, take A = 1. We have 
W,(l)=(l), i=l,..., n, so (12) reads 
and (13a) must follow, To prove the necessity of the condition (13b), 
consider the matrix 
Then 
A=diag(-l,..., -l,n-1). (14) 
w,(A)=[ -1, y], i=l,..., n-l; W,JA)={O}. (15) 
In this case (12) becomes 
1 -& $-gr& C[ -1,;-11. i=l 1 
Therefore we must have 
n2 $- 2 /&4n-1 
i=l i=l i ’ 
and using (13a) the last inequality yields (13b). n 
We now use Lemma 1 again to obtain another inclusion relation which is 
equivalent to the one in Theorem 1. 
THEOREM 2. For j with 1 < j < n - 1 and ,C$ > 0, i = 1,2,. . . , n - 1, we 
har;e 
n-1 
2 Pii[W,(A)-W,(A)]c~(A)-W,(A) ‘AEC”xn (16) 
i=l 
if and only if 
n-1 
2 Pii G ’ 
i=l 
(174 
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Proof, Assume that the conditions (17) hold and define 
Pnj = ’ - 2 Pij’ 
i=l 
(18) 
Now set qj = i/$/i, i = 1,. . . , n. By (18) 
and by (17) and (18) we find that 
i aij=j2 $ = ;( f: 5 pij+ 2 Dij) 
i==l i=l i=l i=l 
So aii, i=l,..., n, satisfy the conditions (9) of Lemma 1, and hence by (10) 
i$l Pijwi(B)cy(B) v’BECnxn* (19) 
In particular take 
B=A- +(trA)I. 
We have 
Wi(B)= Wi(A-;(trA)I)= Wi(A)- W,(A), ‘i=l,...,n. PO) 
Since W,,(B) = {O}, then (19)-(20) imply (16). 
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To see that the conditions (17) are necessary for (16), reconsider A of 
(14). Using (15), the inclusion in (16) takes the form 
i 
c -1,y ) [ 1 
and evidently (17) must hold. 
Of special interest are inclusion relations which involve only two or three 
sets. 
COROLLARY 1. Let l<h< j~k~n,Phi>O,andPkj)Obegiven. Then 
&W,(A)+P$%(A)cWi(A) K4 EC,,, (21) 
if and only if 
In particular we have 
(k- i)h (i-h)k 
(k-h) i wh (A) ’ (k _ h) i wk (A) c Wi (A)’ (23) 
and the coefficients on the left-hand side of (23) are maximal. 
Proof. The inclusion (21) with the conditions (22) is clearly a special 
case of Theorem 1 with bij = 0 for i # h, k. Next, solve (22) for phi and ,Bki 
with equality rather than inequality in the second condition. This gives us 
the maximal coefficients in (21), and (23) is verified. n 
An analogous result follows from Theorem 2. 
COROLLARY 2. 
have 
For given lth< j<k<n-1, &,,>O, and Drib0 we 
,8,,[ w,(A)- w,,(A)]+bkj[w,(A)- Wn(A)l =Wi(A)- wn(A) 
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if and only if 
Particularly, 
c Wj (A) - W,(A). (24) 
Proof. This corollary is obtained from Theorem 2 along the same lines 
by which Corollary 1 follows from Theorem 1. We note that (24) may result 
directly from (23) by subtracting from both sides of (23) the one-point set 
W,,(A). This is possible because the sum of the coefficients on the left side of 
(23) [and (24)] is exactly 1. n 
The most basic and elementary relation we would like to consider is 
given in the next theorem. 
COROLLARY 3. Let phi > 0, 1 < h, i < n - 1, be @en constants. Then 
ph,[ wh lA) - wn CA) 1 c wj CA) - wn tA) VA EC,,,, (25) 
if and only if 
,dhi < 1 for h> i, (264 
and 
(n- i)h 
‘%’ (n_h)j for i> h. Pw 
Proof, Set, in Corollary 2, bki = 0. We find that (25) holds if and only if 
(n- j)h 
phi f 1 and phi < ~ 
(n-h)j’ 
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However, the first inequality implies the second for h > i, and the second 
provides the first if i > h; so (26) follows. n 
The most general inclusion relation among real linear combinations of the 
W, would be of the form 
where all the coefficients are non-negative real numbers. 
THEOREM 3. Any inclusion relation among real linear combinations of 
the Wi is equivalent to a relation of the form 
n-l n-l 
IIZ Yi[~(A)-~(A)ICi~l’i[~(A)-W~(~!l~ (28) 
i=l 
where the yi and Si are non-negative. 
Proof. From (3) we find that 
-wi(A)=~W”_i(A)-~W,(A)’ i=l,...,n-1, 
so (27) may be rewritten as 
n-l n-1 
z yiWi(A)-y’W,,(A)C x ‘iWi(A)-“W,(A), (29) 
i=l i=l 
where all coefficients are non-negative. Substituting A = 1 in (29) we find 
that 
(30) 
We multiply now (30) by W,(A) and subtract from (29) to obtain (28). n 
The relations we obtain in Theorem 2 were special in the sense that we 
had a single set W,(A) - W,(A) on one side of the inclusion, We can find 
more general relations by taking convex combinations. We demonstrate this 
simple assertion in the next statement. 
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THEOREM 4. Let spa, &>O, i,j=l,..., n - 1, be given constants, and 
set 
n-1 
Yi = Iit ‘[Pii> i=l ,.*.,n-1. 
i=l 
n-1 n-l 
2 pi,<1 and x 
i=l i=l 
i=l ,...,n-1, 
then 
n-l n-1 
2 yi[ W&+Wn(A)]C &6,[W,(A)- Wn(A)l- (31) 
i=l 
Proof. 
that 
Since for every fixed i, the pii satisfy (17), we have by Theorem 2 
n-l 
Xl ~i~[wi(A)-W~(A)lc~(A)-W~(A). (32) 
Multiplying (32) by 4 on both sides and summing over i = 1,. . . , n - 1, (31) 
follows. a 
It would be interesting to check whether every inclusion of the type (28) 
can be obtained from simpler relations of the type (16), as described in 
Theorem 4. One might conjecture that (31) gives the most general inclusion 
relation of the type (28). 
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